When M = P n is a prime power, it is also known [Y, Lemma 3] In [JA] , we introduced the Dem'yanenko matrix in the function field case and expressed the relative ideal class number h − P n as the determinant of this matrix.
The organization of this paper is as follows. In Section 2, we find a basis of the minus part I − of the Stickelberger ideal I (Lemma 2.1) and its transition matrix with respect to some basis of the minus part R − of the group ring R = Z [G] , which is the Dem'yanenko matrix (Proposition 2.3). By an analytic method, we show that the determinant of the Dem'yanenko matrix is equal to h − P n (Proposition 2.6). We also find a matrix whose determinant gives us the relative divisor class number h − P n (Proposition 2.5). In Section 3, adopting ideas of Iwasawa [I] and Jha [J] , we give some results on the exponent of the relative divisor class group Cl − P n . Using the invariants of R − /I − and these results, we determine the group structure of the relative divisor class group Cl − P n for some special cases (Examples 1, 2).
In Section 4, we show that the sign of cyclotomic units coincides with the sign of the polynomial which acts on cyclotomic units. Using this result, we obtain a result on the 2-parity between h − P n and h + P n for q = 3 (Theorem 4.4), as an analog of Schwarz [S] . Let l be any prime divisor of q −1. For general q, this result should be extended on the l-parity between h − P n and h + P n . 2. Dem'yanenko matrix and relative class number. For M ∈ A, it is well known that the Galois group
Let G M be the group of characters of G M with values in C. A character χ of G M is called even if its restriction to J is trivial, and odd otherwise.
Any character χ of G M can be viewed as a character of (A/M ) * , so the conductor F χ of χ is defined as a divisor of M .
For a nonzero polynomial M ∈ A, we let M M (resp. M + M ) be the set of all the polynomials (resp. monic polynomials) in A with degree less than the degree of M and prime to M . Let From now on we assume M = P n , a power of a monic irreducible polynomial P with n ≥ 1. We write K = K M and G = G M for simplicity. Let R = Z[G] , the integral group ring of G. It is well known [BK, R] that
is the partial zeta function associated to τ . It is a Stickelberger element of the extension K/k. From [JA, (3) ], we can write θ M as follows: [Y, Lemma 6] ). Thus it must be a Z-basis of I − . Next we find a Z-basis of
Proof. Let j be a generator of J. Then it is easy to show that
Since the cardinality of this set is equal to the Z-rank of R − , we get the result.
We recall the definition of Dem'yanenko matrix in the function field case. 
Proof. We follow almost all the notations of the proof of [W, Lemma 5.26] . We only modify W to be the subspace of V consisting of functions h(X) with τ ∈H h(στ ) = 0 for all σ ∈ R, and for τ ∈ G, set
By comparing the transition matrices of T = σ∈G f (σ)σ with respect to two bases {ψ τ (X)} τ ∈R and {χ(X)} χ∈ G\ G/H , we get the lemma.
Rosen [R] obtained a determinant formula for the relative divisor class number h − P and his formula was extended to the prime power case by BaeKang [BK] . The following proposition provides us with another determinant formula for h
Proof. From (2.1) and Lemma 2.4 with H = J and R = {σ A : for some B 0 ∈ X i , we can recover D 1 from D 2 . This proves the first equality.
First, we make a partition of the column indices
To get the second equality, for each i, polynomials in X i are mapped to a polynomial in X j for some 1 ≤ j ≤ r via the map B → B except for at most one polynomial in X i . So again from (2.3), we can change D 1 to D M by elementary column operations. This completes the proof of the proposition.
From Propositions 2.3 and 2.6, we have the following corollary which was already proved by Yin [Y, Main Theorem] 
The following proposition is an analogue of Iwasawa's results [I, Theorems 7, 8] . The proof is almost immediate from the number field case, so we leave it to the reader. Then N is a factor of (q − 1)t and t is a factor of |G|N .
( Proof. Let j be a generator of J as before, so Tables 1 and 2. Let P be an infinite prime of K and p be the infinite prime of K + lying below P. From [GR, Proposition 1.10] , there exists a primitive M -torsion point λ such that ord P (λ) = (d − 1)(q − 1) − 1, where d = deg M . As p is totally ramified in K, we also have ord p (λ q−1 ) = (d − 1)(q − 1) − 1. Since the completion (K + ) p of K + at p is isomorphic to k ∞ , we regard K + as a subfield of k ∞ under this isomorphism. 
ii) The exponent of Cl

−
M is a factor of |G|N and the exponent of Cl
(q−1)−s(J) M is a factor of |G|N/(q − 1). (iii) Suppose that Cl − M is a cyclic group. Then h − M is a factor of |G|N . As t divides |R − /I − | = h − M , it follows that if (q − 1, h − M ) = 1, then t must be a factor of |G|N/(q − 1). Let C 0 = {c ∈ Cl − M : c q−1 = 1}. Clearly C 0 is an R-submodule of ClR − = (1 − j)R. If (1 − j)f = (1 − j)g with f, g ∈ R, then (f − g) ∈ R + = s(J)R. Thus f − g = s(J)h for some h ∈ R and c f = c g+s(J)h = c g for c ∈ Cl − M . For c ∈ Cl − M , we define a map τ c : R − → Cl − M by (1 − j)f → c f . Then τ c is a well-defined R-homomorphism of R − onto c R . For s ∈ I − , we have (q − 1)s = ((q − 1) − s(J))s = (1 − j)hs for some h ∈ R.0 D(S ∞ ) 0 /P(S ∞ ) Cl M Cl M 0 0 D(S + ∞ ) 0 /P(S + ∞ ) Cl + M Cl + M 0,Proposition 4.1. sgn(λ A /λ) = sgn M (A) for 0 = A ∈ A, (A, M ) = 1. Proof. Since λ A = λ A and sgn M (A) = sgn M (A), we may assume A ∈ M M with deg A = d 0 ≤ d − 1. Then λ A /λ can be written as λ A /λ = d 0 i=0 c(A, i)λ q i −1 , where c(A, i) is a polynomial of degree (d 0 − i)q i and c(A, 0) = A, c(A, d 0 ) = sgn(A). For 0 ≤ i ≤ d 0 , we have ord ∞ (c(A, i)λ q i −1 ) = − (d 0 − i)q i + q i − 1 q − 1 ((d−
